By replacing φ with iφ in the solution constructed in Ref [1] , we obtain electrically wormhole and black hole solutions in the Einstein-Maxwell-dilaton (EMD) theory, in which the dilaton is a phantom field coupled to the Maxwell field non-minimally. Comparing to the previous constructed charged wormholes in literature, a novel feature is that the charge does not affect the wormhole throat in our solutions. The wormhole solution has two asymptotic flat regions and reduces to Ellis wormhole when the charge is zero. Then we draw the embedding diagrams for the wormholes and note that two sides are asymmetric. As the charge increases, horizons will appear, and the wormhole becomes a black hole. However, inside the horizon, there is no singularity but a wormhole throat or a bounce. We analyze black hole thermodynamics and the causal structure. We also determine the photon spheres of both the wormhole and the black hole and discuss their observable characteristics.
phantom dilaton theories. And then there are many phantom black hole solutions that have been constructed in the theories [28] [29] [30] [31] [32] [33] . These black holes have some interesting properties which are different from ordinary black holes. For an example, they can have no singularity inside the horizon. Instead the singularity is replaced by a wormhole throat or a bounce.
Regular black hole without singularity was proposed by Bardeen [34] in 1968 where energymomentum condition was violated. Inspired by the idea of regular black hole, Alex Simpson, Prado Martin-Moruno and Matt Visser [35, 36] proposed the mechanism of 'Black bounce' recently. They combined the metrics of the standard Schwarzschild black hole and the Morris-Thorne traversable wormhole, then create an metric given by
where dΩ 2 2 is the two dimensional spherical metric. As a result, they have shown that the metric (1.1) can realize a bounce from an universe to another universe or a wormhole. A similar concept "Black Universe" is proposed by Bronnikov in Ref [37] .
It is well-known that gravitational lensing is an interesting phenomenon whereby the propagation of light is affected by gravitating mass like some massive compact objects. It is a useful tool to detect the mass distributions and test modified gravity theories. As for black holes and wormholes, an intriguing aspect about gravitational lensing is that it gives rise to probably detectable phenomenon, the shadows, which are produced by so-call 'photon sphere' [38] [39] [40] [41] [42] . In a recent paper [43] black hole admitting a stable photon sphere outside the horizon was constructed, satisfying the dominant energy condition.
In this paper, we shall construct new classes of analytic wormhole and black hole solutions in more general EMD theories, keeping in mind the applications discussed above.
First we note that in the wormhole solution in Ref [18] the wormhole throat depends on the charges. It means that the wormhole throat could be affected by the electromagnetic field.
One of the motivations of this paper is to obtain static charged wormhole solutions with their throats depending only on the scalar hair but not the charge. By replacing φ with iφ in the theory in Ref [1] , we obtain the EMD theory which admits such wormhole solutions.
Interestingly, the electromagnetic field in the theory is not phantom-like at the asymptotic region, which is an improvement to the theory of Ref [18] .
Secondly, we find that the theory also admits black hole solutions with two horizons, but without singularity. There are two types of black hole arising depending on the Lagrangian.
One is similar with the RN black hole except with the singularity is replaced by a wormhole throat. In other words, the wormhole throat is outside the two horizons. The other case can be viewed as 'black hole-white hole pairs', which give concrete examples of the black bounce in between the two horizons.
In order to figure out observe characteristics, we compute and analyze the photon sphere of our solutions. We found that there are one or two photon spheres for the wormhole solution. For the black hole solution, there are always two photon spheres, one occurring outside of each horizon.
The paper is organized as follows. In section 2, we review the theory and the solutions constructed in Ref [1] and present new solutions through the transformation of φ to iφ. And then we make an analytical extension to the whole spacetime in the theory. In section 3, we discuss the wormhole solutions. The embedding diagrams of the wormhole with different parameters are drawn, and it is shown that the two parts of the wormhole are different. In section 4, we found there is a black hole solution if we increase the value of charge Q. The black hole has no singularity and can be regarded as a specific example of black bounce.
The black hole thermodynamics is also given in this section. In section 5, we investigate the causal structure of the solutions. The Carter-Penrose diagrams are shown in this section.
We investigate the photon spheres of the wormhole and the black hole in section 6. Finally the paper is concluded in section 7.
The theory and solution
The Lagrangian for the theory in Ref [1] is given by
where Z is the coupling function of the scalar field and Maxwell field. Under the transformation φ to iφ, the Lagrangian becomes
No doubt that the scalar field is a phantom field so that the theory admits the wormhole solutions. Considering a spherical symmetric metric, we present the solution here 1
3)
It seems to have a divergence of the Lagrangian(2.2), since Z in denominator and it can be took the value of Z = 0. However, it's no a matter to cause divergence as the protection of Maxwell equations. To see it clearly we can check that
It shows that Z is not truely in denominator. In other words, there is no divergence at
In fact, the metric (2.3) covers only a part of the whole spacetime since ρ takes the range ρ ∈ [q, ∞). So we make an analytic extension to the solution (2.3) by introducing a coordinate transformation r 2 = ρ 2 − q 2 . And then we get the whole spacetime metric, namely
It's easy to check the solution (2.5) satisfies all the E.O.Ms.
The solution is asymptotic flat spacetime so the mass of the solution can be obtained by expanding h(r) in asymptotic regions.
In which M + is the mass viewed from r > 0 side, while M − is the mass for r < 0 side.
Obviously, they satisfy M + + M − = 0. The Bronnikov wormhole also shares this property [44] . As for the charge of the solution, which is relates to the parameter Q, we define it by the following intergral,
3 Wormhole solutions
Charged Ellis wormhole
The solution (2.5) characterizes a static charged wormhole in some appropriate parameters.
To guarantee the traversability of wormholes we need to ensure that g tt = h is positive everywhere. It requires that 1) or in terms of (Q e , M ),
that means there is no horizon formed in the spacetime.
Properties of the wormhole solution
The wormhole throat is located at r = 0 and connectes the two asymptotic flat regions.
The wormhole mass and charge are refer to (2.6) and (2.7) respectively. And, the area of the wormhole throat is given by
It shows that the location and area of the throat are independent on the charge Q e . The curvature of those regions, near to the wormhole throat, is influenced by the charge Q e .
And it is easy to see that the two sides of the wormhole are different. In particular, The charged wormhole backs to Ellis wormhole when we turn off Q,
We compute the Ricci scalar and Kretschmann scalar K := R µνρσ R µνρσ , which are given It is easy to check that spacetime has no singularity if q = 0. We would like to present the values of these two quantities, given by
We need to emphasize that, for the spherical solutions and a nontrivial scalar field, the Einstein-free scalar theory admits only wormhole solution but no black hole solution.
To generalize the Ellis wormhole to be charged, the most straightforward consideration is to write down the action for Maxwell field in the theory. There are large classes of those theories having been constructed. One of the typical theories is considered adding the action for Maxwell field like the term 1 4 e γφ F 2 , then the wormhole solution has been constructed and its uniqueness has been shown [48] . The wormhole can back to the Ellis wormhole if one turns off the Maxwell field, namely, set Q e = 0. We notice that, except for our theory, in all generalized theories we have now, the throat of wormholes must be affected by its charge. It means that wormhole could no against the perturbation of charge.
Embedding diagram and flare-out condition
Now we construct embedding diagrams for the static wormholes as follow, we present the metric of the region r < 0 by (t, ρ, θ, ψ) coordinate, namely,
To be convenient, we'd better use (2.3) and (3.7) to do this procedure.
Firstly, we consider asymptotic Minkowski wormholes with spherical symmetry. Without loss of generality, we choose a time-slice and set θ = π 2 . The wormhole metric becomes
Embedding this hypersurfce to the three dimensional Euclidean space
we have
The two spacetimes are connected by the wormhole are different, thus we set
Integrating the equation we get the embedding diagrams. The three embedding diagrams with different charge is shown in Fig 2. They indicate that location of wormhole throat is independent with charge Q and the charge Q only affects the curvature of near throat.
Moreover, the diagrams of z = z(ρ) clearly show that the curvature of the two spacetimes are different.
Now we turn to investigate the flare-out condition of the wormholes. For the spherically symmetric wormhole metric, i.e, where ρ t denotes the location of wormhole throat. It means that
For our wormhole solution (2.3), it both requires
4 Black hole without singularities
Black hole solution
Recall that the solution (2.5) can also be described as a black hole solution if there admits the event horizons. An event horizon exsit means that there is r = r h where g tt = h = 0.
It's easy to verify this is nothing but
or in terms of (Q e , M ),
where the equivalence corresponding to the extreme black holes.
The equation h(r) = 0 determines the Killing horizon's location. One can find the two roots of this equation,
It is not a usual black hole which has a singularity inside. Recall that (3.5), the black hole solution(2.5) has no essential singularity unless q = 0. The location of common singularity is, namely r = 0, replaced by a wormhole throat or a bounce. It looks like a particle has fallen into the horizon will tunneling to another universe in r < 0. We denote this two cases by:
(1) type I black hole with outer horizon and inner horizon, namely the two horizons located both at r > 0 . It just look like a RN black hole with the singularity replaced by a wormhole throat.
(2) type II black hole is a pair of black hole and white hole, namely two horizons located at separate sides of r = 0. It relates a bouncing from black hole to white hole [35] .
We would like to discuss the thermodynamics of the black holes as follow.
Black hole thermodynamics
We will not split the thermodynamics of the type I and type II black holes in this section.
We could view r + and r − as the outer and inner horizons for the type I black hole. And we could also view r + and r − as the horizons of black hole-white hole pairs.
The surface gravity is κ = h 2 in the metric like (2.5). And we obtain the surface gravity for the two horizons in terms of r + and r − are given by
And the temperature T = κ 2π , so
The entropy of the black hole is related to the horizon area, which are given by
Obviously, there is an interesting relation that
As what has been pointed out in Ref [46] which is also holden for the RN black hole, this vanished sum relates to the fact that the entropy product only depends on Q. Now, we calculate the entropy product to confirm this
In the following discussion for black hole thermodynamics, we simply take the black
, which is the same with wormhole case, since one can just simply time −1 to obtain the thermodynamics from the point of view of the opposite side.
As for charge, it is the same with the wormhole case, namely Q e = γ 1 Q. And we integral dξ/dr = ZQ/(r 2 + q 2 ) to calculate the potential Φ = −ξ/4γ 1 . Require it tends to zero at infinity, one can get
Values of the potential at horizon are
Thus we can verify that the first law of black hole thermodynamics is indeed satisfied
These two equivalent expressions of the first law of black hole thermodynamics and (4.7)
imply that
It means the mass does not appear in entropy product S + S − when S + and S − are treated as functions of mass and charge. No loss of generality, if δM has two kinds of expression which using the different data on two horizons, like (4.12), we can claim that the irrelevant of mass in the entropy product is equivalent to the vanishing of the sum T + S + + T − S − .
Causal structure
The solutions of wormhole and black hole we constructed above have many kinds of causal structure. We would reduce the range of parameter space first. The sign of γ 2 does not affects the spacetime structure since one can simply redefine coordinate r → −r to absorb the sign, such that we can focus on the parameter range γ 2 > 0. On the other hand, the sign of γ 1 makes different situations. If it is negative, the hypersurface r = 0 where the sphere area takes minimum value can be spacelike or null. Thus, we classify three probabilities by the sign of h(0). The expression of h(0) is
The expression of r ± can be simplified as is similar with the case of a = 2m in Ref [47] .
In the case of h(0) < 0, namely type II black hole, the hypersurface r = 0 is spacelike so r = 0 is not a travelable throat. The Penrose-Carter diagram was drawn in the left plot of Figure 4 . The hypersurface connects a trapped region with an anti-trapped region, namely it can be regarded as the tunneling from a black hole to a white hole. The idea of tunneling from black hole to white hole has been constructed in semi-classical limit of Loop Quantum Gravity and was expected to contribute some ideas to solve black hole information paradox [47] .
In Ref [35, 36] , this kind of spacetime was named as "black bounce". Here, we showed that black bounce can occur in our theory rather than a designed metric. A similar metric looks like the type of their papers by setting γ 2 = 0 in (2.5), namely
which indicates the mass becomes zero, and the two sides of the wormhole throat is symmetric. We can relates the cases of a > 2m, a = 2m and a < 2m discussed in Ref [35] with the cases of h(0) > 0, h(0) = 0 and h(0) < 0 here respectively. The corresponding Penrose-Carter diagrams have shown in Figure 3 and Figure 4 , which are similar to the Ref [35] .
The case of h(0) = 0 can be treated as the critical situation between travelable wormhole and black bounce. The Penrose-Carter diagram was drawn in the right plot of Figure 4 and shows that the bounce occurs at the moment of a null hypersurface r = 0.
Shadow of wormhole and black hole
An interesting feature of black holes or wormholes is that they contains photon spheres, the unstable photon orbits corresponding to logarithmical divergence of the deflection angle.
The photon spheres produce the shadows of the objects, such that the area of the object we detected is bigger than it truly is.
General discussions
For the metric like (2.5), ie,
Suppose there is a particle moving in the spacetime. Without loss generality, we restrict the motion take place in the θ = π 2 plane. The lagrangian for the particle is given by [18] 
where a dot represents a derivative with respect to the affine parameter. There are two first-integral quantities namely energy and angular momentum are given by
respectively. The geodesic condition for the particle κ = g µνẋ µẋν can be written aṡ
where κ = −1 for massive particle anh κ = 0 for massless particle.
We only consider massless particle like photon in this section, it means that we set κ = 0 as follow. In the case, from Ref [45] we know that The deflection angle is easy to obtain
In the sense of mathematics, an orbit is so called "photon sphere" if it satisfieṡ r = 0,r = 0 and ... r > 0, (6.8) which makes the logarithmical divergence of the deflection angle α del . Now we discuss it for wormhole and black hole as follow.
Photon sphere
To begin with, we rewrite (6.4) asṙ
Then the condition (6.8) becomes It is worth to point out that photon sphere corresponds to the maximum of the effective potential V ef f . Substituting the explicit form of V ef f into (6.10) gives hL 2 r 2 +q 2 = E 2 , (6.11) V ef f and it shows that there is a photon sphere in the range r > 0. We have chosen For a photon with the energy E and the momentum L, (6.12) can tell us where the photon spheres are. Thus we substitute the solution (2.5) into (6.12), which reduce to a cubic
It is a cubic equation and hence a single real root or three real roots.
Now we are going to prove that there is always a real root of (6.14) which plays a role of photon sphere.
In the limit r → −∞, the behavior of V ef f is given by shows that there is a photon sphere at the outsides of the black hole horizon. We chose
which indicates that V ef f → +0 while r → −∞. If we take a Taylor expansion at r = 0, it
Since all the coefficients of the sub-leading term of (6.16) are positive, it shows that
where is a positive infinitesimal. According to the mean value theorem, there is at least a maximum of V ef f in the range (−∞, 0) which corresponding to the location of the photon sphere. For the wormhole solution, it may has this only photon sphere. Of course, it could also has two photon spheres of wormhole if there are two roots and one is a photon sphere while another is a stable photon orbit.
The case of black hole is difference. For convenient, we rewrite the h for the black hole solutions as
where r + and r − are defined by (4.3) . Recall the definition of V ef f , we can also rewrite it
Now we would like to prove that there are always two photon spheres of the black holes located at the outsides of the horizons. To begin with, consider the value of V ef f in the region (−∞, r − ), the value is plus and tends to 0 while r tends to r − or −∞. Applied the mean value theorem again, it is shown that there is at least a photon sphere in the region.
Then we consider the region (r + , ∞). The asymptotic behavior of V ef f at ∞ is given by 20) which means that V ef f (∞) = +0. Note that V ef f (r + ) = 0, and hence the mean value theorem ensures there is a maximum which is a photon sphere located outsides the horizon.
Conclusion
In this paper, we considered a class of EMD theories, with a phantom scalar field that is non-minimally coupled to the Maxwell field. Generalizing the Ellis wormhole, we constructed new exact electrically charged traversable wormholes where the charge does not affect wormhole throats. Furthermore, while Ellis wormhole is symmetric connecting to asymptotic flat regions, the inclusion of charges leads to asymmetric wormhole structure.
We drew the embedding diagrams of these wormholes.
We found that black hole with two horizons emerge as the value of charges increases.
A novel feature is that these black holes have no curvature singularity. The type I black hole is RN like but with the singularity replaced by a wormhole throat. The type II black hole is a 'black hole-white hole pair' connected by a bounce and it is a concrete example of black bounce. We also discussed the black hole thermodynamics of these solutions.
The causal structure of wormhole and black hole are different, we discussed each situation and drew the Carter-Penrose diagrams for the solutions.
At the end of the paper, we examined the gravitational lensing of the wormhole and black hole. We computed their photon spheres. It shows that the wormholes can either have only one photon sphere, or two with one in each side of wormhole throats. However, in the black hole case, there are always two photon spheres, with one outside each horizon.
The photon spheres can produce the shadow of the wormhole or black hole, which may be valuable for observation.
For future work, we would like to suggest to consider dynamic wormhole or black hole solutions. Another direction worth further exploring is to study the asymptotic (A)dS wormhole in analogous EMD theories but with a scalar potential. We expect it would shed some light on the study of holographic model and cosmology. 
A Deduce the theory and solution for charged Ellis wormhole
For the class of Lagrangian like this type
We would like to obtain the theory which is the minimal generalization of the Ellis womrhole theory, while the location of wormhole throat is irrelevant to the charge. The equations of motion associated with the variation of the scalar field φ, the Maxwell field A µ and the metric g µν are respectively given by φ = 1 4
Without loss of generality, we consider a static ansatz
where h = h(ρ, q, Q). The throat of wormhole depends only on σ, thus it could not be a function of Q, and satisfied 
A trick to solve the equations is obtained the equation by (A.7)-(A.8), which gives
Note that σ contains no charge Q, thus φ contains no Q either. Moreover, if we expect the solution can reduce to Ellis wormhole, the form of the scalar field should be
Now we can solve (A.10) straightforwardly
The wormhole throat locates at ρ = q and does not depend on Q. Two remaining independent equations are
Taking the differentiate of (A.13) and (A.14) with respect to Q, we get 
Then we put (A.18) into (A.19),
(A.20)
The ρ and q can be replaced by (A.11), which gives Z = Note that Z only corresponds to φ, one should absorb (q, Q) into (c 1 , c 2 ), namely, 
B Exact solutions of the photon sphere
In fact, we can solve the (6.14) and obtain the three roots, which are given by Use those parameters, the requirement of r 2 and r 3 to be real is that
where equivalence means r 2 = r 3 . Note that r 2 > r 3 while they are unequal, it means that r 2 is a photon sphere and r 3 is a stable photon orbits. A comparison of (4.1) and (B. 
